In brane-world theory in five dimensions, the bulk metric is usually written in gaussian coordinates, where g 4µ = 0 and g 44 = −1. However, the choice g 44 = −1 is not mandatory. The presence of matter in the brane can generate temporal and spatial variations of g 44 , which in turn backreact on the brane. In this paper we study the consequences of having g 44 = ǫΦ 2 , where ǫ = ±1 and Φ is a scalar function, not a constant. This extra field induces new features in the four-dimensional picture. Firstly, we find that the variable scalar field Φ demands the variation of at least two of the fundamental parameters in the theory, which are the vacuum energy λ, the gravitational coupling G and the cosmological term Λ (4) . These variations are different from those predicted in scalar-tensor and multidimensional theories. Secondly, the conserved energy-momentum tensor on the brane represents a mixture of two fluids, a perfect fluid, with effective energy density Φρ and effective pressure Φp, and a vacuum fluid ρ v = −p v = −Φλ. This interpretation is independent of any particular assumption regarding the variation of λ, G and/or Λ (4) . Also, we show that the construction of realistic astrophysical and cosmological models, of perfect fluid with inhomogeneous energy density, does not necessarily require a departure from an exact AdS 5 bulk. This departure can be avoided if we demand Φ to be spatially inhomogeneous. Finally we present a simple model that illustrates different physical scenarios for the variation of λ, G and Λ (4) within the context of brane-world theory.
INTRODUCTION
Recently, there has been an increased interest in models where our four-dimensional universe is embedded in a higher-dimensional bulk spacetime having large extra dimensions. The scenario in these models is that matter fields are confined to our four-dimensional universe, a 3-brane, in a 1 + 3 + d dimensional spacetime, while gravity propagates in the extra d dimensions as well. Such scenario was introduced as providing possible solutions to the hierarchy and the cosmological constant problems [1] - [2] .
Much work has been done for d = 1, where our 3-brane is a domain wall in a five-dimensional anti-de Sitter spacetime [3] - [10] . Since the extra dimension is not compactified, the bulk metric is allowed to be a function of the extra coordinate. The general bulk metric ansatz in brane-world models is
where x ρ = (x 0 , x 1 , x 2 , x 3 ) are the coordinates in 4D and y is the coordinate along the extra dimension, which is assumed to be spacelike. We will use signature (+ − −−) for the four-dimensional space-time, and follow Landau and Lifschitz [11] for the definitions of tensor quantities. The effective equations for gravity on the brane (1) were obtained by Shiromizu et al [12] by using Israel's boundary conditions and imposing Z 2 symmetry for the bulk spacetime, about our brane fixed at some y = y 0 . These equations predict five-dimensional corrections to the usual general relativity in 4D. These are local high-energy corrections, which are quadratic in the energymomentum tensor on the brane, and non-local corrections, transmitted through the projection of the bulk Weyl curvature, due to the free gravitational field in the bulk.
In 5D, the freedom of coordinates allows us to impose 5 conditions on a general five-dimensional metric g AB . The ansatz (1) makes use of all of them to set g 4α = 0 and g 44 = −1. In this work we ask what would happen if we relax some of these conditions. Here we will consider a variable g 44 . Specifically, we consider the metric
where ǫ = −1 or ǫ = +1 depending on whether the extra dimension is spacelike or timelike, respectively. From the point of view of the induced metric on 4D, there is no distinction between (1) and (2) . In both cases, the 4D metric will be
However, the dynamic in 4D is not insensitive to the choice of g 44 . In this paper, we study the effects from this extra scalar field on the dynamics in 4D, within the context of brane-world models.
Here, we find that a variable scalar field Φ demands the variation of some fundamental parameters such as the vacuum energy λ, the gravitational coupling G, and the cosmological term Λ (4) . It is well known that variations of fundamental physical "constants", in particular of G, are predicted in numerous scalar-tensor theories, and multidimensional theories. However, our approach and results are not equivalent to these theories.
The new feature here, within the context of brane-world models, is that the variations of λ, G and Λ (4) are interrelated. If one of them is assumed to be constant, then the other two must be specific functions of Φ. In particular, G and Λ (4) cannot have constant values simultaneously. We will present an explicit model that clearly illustrates this feature.
Field Equations in The Bulk
In this section we review the brane-world equations for the case of non-constant Φ. The Einstein equations in five dimensions are (5) 
where k (5) is a constant introduced for dimensional considerations and (5) T AB is the five-dimensional energy-momentum tensor. These equations contain the first and second derivatives of the metric with respect to the extra coordinate. These can be expressed in terms of geometrical tensors in 4D.
For this we introduce the normal unit (n A n A = ǫ) vector, orthogonal to hypersurfaces y = Constant,
Then, the first partial derivatives can be written in terms of the extrinsic curvature
The second derivatives, (∂ 2 g µν /∂y 2 ), can be expressed in terms of the projection (5) C µ4ν4 of the bulk Weyl tensor in five-dimensions, viz.,
The field equations (4) can be split up into three parts. In terms of the above quantities, the effective field equations in 4D are,
where
Since E µν is traceless, the requirement E µ µ = 0 gives the inhomogeneous wave equation for Φ, viz.,
which is equivalent to (5) G 44 = k 2 (5) (5) T 44 from (4). The remaining four equations are
In the above expressions, the covariant derivatives are calculated with respect to g αβ , i.e., Dg αβ = 0.
In the brane-world scenario our space-time is identified with a singular hypersurface (or 3-brane) embedded in an AdS 5 bulk, ie., (5) 
For convenience, the coordinate y is chosen such that the hypersurface Σ : y = 0 coincides with the brane. Thus, the metric is continuous across Σ, but the extrinsic curvature K µν is discontinuous. Most brane-world models assume a Z 2 symmetry about our brane, namely,
Thus
Therefore the field equations in the resulting Z 2 -symmetric brane universe exhibits a delta like singularity at Σ,
whereḡ AB is taking as in (13) , and S AB is the energy-momentum tensor in the brane, with S AB n A = 0. This tensor consists of two parts,
where λ is the tension of the brane in five dimensions, and T µν is the energy-momentum tensor of ordinary matter in the brane. We should note here, that λ is generally assumed to be constant.
Field Equations on The Brane
In this section we use the appropriate boundary conditions to obtain the effective equations for gravity in 4D. First we show that different scenarios are possible, where at least two of the quantities λ, G, Λ (4) must be functions of Φ. Then, using the conservation equations, we discuss the interpretation of the matter content on the brane. Finally we show that inhomogeneous cosmologies and astrophysical models do not necessarily require deviations from an exact AdS 5 bulk.
Boundary Conditions
In order to obtain the equations on the brane, we need to find an expression for the extrinsic curvature of Σ. For this, we use equation (15) . Since the metric is continuous across the brane, we get
On the other hand, for the metric (2) we have,
with (5) 
We now substitute this into (17) and integrate across the brane lim ξ→0
Although the derivatives (∂g µν /∂y) and (∂Φ/∂y) are discontinuous across Σ : y = 0, we make the usual physical assumption that they remain finite. Thus, lim ξ→0 ξ/2 −ξ/2 V µν dy = 0, and we obtain,
which for Φ = 1 yields the usual Israel's boundary conditions. Now, from the Z 2 symmetry
From the above equations we get
Equations for gravity on the brane
Substituting (23) and (12) into (8), we obtain the Einstein equations with an effective energymomentum tensor in 4D as
and
All these four-dimensional quantities have to be evaluated in the limit y → 0 + . Setting Φ = 1, we recover the well known equations for gravity in brane models, as one expected. They contain higher-dimensional modifications to general relativity. Namely, local quadratic energy-momentum corrections via the tensor Π µν , and the nonlocal effects from the free gravitational field in the bulk, transmitted by E µν . In the low energy limit they reduce to
which resemble the conventional Einstein equations in general relativity. However there are important differences. First, we mention that here G and Λ (4) are no longer constants. Indeed, the commonly used assumption of constant λ, leads now to that both, G and Λ (4) , vary as Φ 2 .
Specifically, from (25) and (26), we see that now there are at least three possible physical scenarios:
(i) If Λ (4) , the net cosmological term in 4D, is assumed to be constant, then the vacuum energy λ must vary as Φ −1 and G ∼ Φ.
(ii) If G is assumed to be constant, then λ ∼ Φ −2 and Λ (4) ∼ Φ −2 .
(iii) If we require constant vacuum energy, then Λ (4) ∼ Φ 2 and G N ∼ Φ 2 . Thus, our first conclusion is that the scalar field (Φ = const) requires the variation of at least two of the quantities λ, G, Λ (4) . In particular, from (i) and (ii), it follows that Λ (4) and G cannot have constant values simultaneously, except in the case where Φ = const, which is the usual brane-world scenario.
Another difference is that the local quadratic energy-momentum corrections described by the tensor Π µν , are now multiplied by a factor Φ 2 . Therefore, here the magnitude of these corrections depends on the "size" of the extra dimension.
Conservation law for the matter on the brane
When G and Λ (4) are assumed to be constants, the brane energy-momentum tensor T µν is a conserved quantity. However, for the case of varying G and/or Λ (4) this is no longer true, in general. In order to find the appropriated conserved quantity we use (11) and (22) . For a brane in an AdS 5 bulk, we obtain (ΦT µ ν ) ;µ = (λΦ) ;ν .
In what follows we will consider that the matter on the brane has a perfect-fluid energy-momentum tensor, viz.,
Also, in order to include various possible physical scenarios, we should not assume constant vacuum energy λ, but λ = λ(Φ). Then, from (29) and (30)we obtain
where λ Φ = dλ/dΦ,Φ = Φ α u α and h αβ = u α u β − g αβ is the projector on spacetime sections orthogonal to the four-velocity of the fluid.
These equations indicate that matter in the brane can generate gradients and time derivatives of the scalar field Φ. In other words, evolution and inhomogeneities in the matter field can create a varying scalar field Φ, which in turn backreacts on the bulk. This exchange between the bulk and the brane is the reason why the energy-momentum of matter in the brane is not conserved separately.
To an observer living in 4D, the matter content in the brane can be interpreted as a combination of two fluids, a perfect fluid, with effective density ρ m = Φρ and pressure and p m = Φp, and a "vacuum fluid" with ρ v = −p v = −Φλ. Namely,
This effective two-component fluid satisfies the conservation equation
which holds independently of any particular model, or assumption, for the variation of G, Λ (4) and λ. It generalizes the conservation equations of the brane energy-momentum tensor in brane theory with constant G and Λ (4) .
Conservation equations for the effective energy-momentum tensor
The conservation equations for the effective energy-momentum tensor are given by (4) G µ ν;µ = 0. For perfect fluid
from which we get
Using this and (31) in (24) we find
When the bulk spacetime is conformally flat, and Φ = const, the perfect fluid must be spatially homogeneous. Thus, brane models embedded in an AdS 5 bulk, and Φ = const, allow the construction of spatially homogeneous universes only. This is a well known fact, which demands the deviation from exact AdS 5 in order to describe our real world. However, inhomogeneities in Φ induce inhomogeneities in the matter density. Therefore, inhomogeneous interior stellar solutions and inhomogeneous cosmologies do not necessarily require E µν = 0. The necessity of introducing deviations of the bulk from AdS 5 can be avoided simply by not assuming constant Φ. In other words, in the context of AdS 5 bulk, in realistic astrophysical and cosmological models, of perfect fluid with inhomogeneous energy density, Φ must be inhomogeneous.
Thus, for the general case where Φ = Φ(x 0 , x 1 , x 2 , x 3 ), the vacuum energy λ, the gravitational coupling G as well as Λ (4) , the effective cosmological term in 4D, cannot be taken as constants simultaneously. Besides, for perfect fluid, the matter density is inhomogeneous and none of the tensors T µν , Π µν , E µν is conserved separately. The conserved quantity here is the combination of matter and vacuum (32), with the corresponding energy density and pressure multiplied by the factor Φ. This is quite different from the models with constant Φ where λ, G and Λ (4) are all constants and, in addition, T µ ν;µ = Π µ ν;µ = E µ ν;µ = 0 for perfect fluid.
Signature of the extra dimension
The magnitude of the four-dimensional cosmological term crucially depends on the signature of the extra dimension. The assumption Λ (4) = 0, for positive Λ (5) , requires the extra dimension to be space-like (ǫ = −1) and demands the variation of the vacuum energy as λ ∼ Φ −1 . The positiveness of G requires (ǫλ) > 0. Thus, a negative (positive) vacuum energy λ requires a spacelike (timelike) extra dimension. Note that Λ (4) is proportional to λ 2 , so it does not depend on the actual sign of the vacuum energy. The above implies that the "vacuum fluid" introduced in (33), with ρ v = −p v = −Φλ, has a positive energy density for an spacelike extra dimension.
Finally, we note the presence of the factor ǫ in front of the higher-dimensional corrections in (24) . Thus, the specific nature of the extra dimension, whether ǫ = −1 or ǫ = +1, would play a very important role in strong gravitational fields, where these corrections dominate.
Brane-World Interpretation of the Standard Cosmological Model in STM
In this Section we will construct a simple model that shows how the introduction of a varying Φ in the brane-world paradigm, necessarily leads to variations of at least two of the quantities λ, Λ (4) , G.
Let us consider the five-dimensional metric [13] 
where α is a constant, y is the coordinate along the extra-dimension and t, r, θ and φ are the usual coordinates for a spacetime with spherically symmetric spatial sections. This is a solution to the five-dimensional field equations (4), with (5) T AB = 0. Therefore, it is usually discussed within the context of Space-Time-Matter theory (STM).
In four-dimensions (on the hypersurfaces y = const.) this metric corresponds to the 4D Friedmann-Robertson-Walker models with flat 3D sections. The energy density ρ ef f and pressure p ef f of the effective 4D matter, defined by the right hand side of (24), satisfy the equation of state
where n = (2α/3 − 1). Thus for α = 2 we recover radiation, for α = 3/2 we recover dust, etc. This solution, which is usually called standard 5D cosmological model in STM [14] , has been applied to the discussion of a wide variety of cosmological problems that range from singularities to geodesic motion [15] - [21] .
Here we will use the brane-world paradigm to take a closer look on the effective matter quantities ρ ef f and p ef f . They are the same in both, STM and brane theories. However, in STM there is no enough information as to know, and evaluate, the different contributions that made up these effective quantities.
In a recent paper we discussed the "equivalence" between brane and STM theories [22] . Here, we will use (38) as the generating 5D space for brane-world models. First we have to construct the Z 2 symmetric brane. Now we cannot set the brane at y = 0. We set it at y = y 0 and impose the Z 2 symmetry under the transformation y → y 2 0 /y [23] . The appropriate bulk background is
for y ≥ y 0 and y ≤ y 0 , respectively. Here the extra dimension is spacelike (ǫ = −1). The induced 4D metric on the brane, at y = y 0 , is the Robertson-Walker metric,
From (6) and (40) we find
Using (41) we obtain the same expressions as in (43) but with opposite sign, as one expected. We now use the boundary conditions (23) and obtain
here we have assumed that the energy-momentum tensor T µν in the brane is a perfect fluid with energy density ρ and pressure p. We have three unknown and two equations. As in brane models we impose some physics on the matter quantities ρ and p. We will adopt the usual equation of state in cosmology p = γρ, 0 ≤ γ ≤ 1.
This assumption requires λ ∼ Φ −2 , which in turn implies Λ (4) ∼ Φ −2 . Therefore, G is a constant here, viz.,
But its specific value does depend on the epoch. That is, its value depends on γ.
On the other hand, we obtain a time-epoch-varying effective cosmological term, namely
The negative sign here assures that Λ (4) makes a positive contribution to the effective energy density defined by (24) . Notice that we cannot set Λ (4) = 0; this would lead to the unphysical requirement of G = 0. On the brane y = y 0 , the energy density of the ordinary matter on the brane is
Positiveness of G and ρ demands 1 < α < 3(1 + γ),
which for the effective quantities implies −1/3 < n < 3(1 + γ). Thus, for all allowed values (ρ ef f + 3p ef f ) > 0. The unknown 5D quantities can be expressed in terms of H, Ω and q, the Hubble, density and "deceleration" 4D parameters, respectively.
where a represents the cosmological expansion factor. We find, α = (1 + q),
Consequently, these quantities are measurable, in principle. Models with variable G can be obtained if, instead of assuming an equation of state for the matter on the brane, for example we assume λ = const, or Λ (4) = const. The models present a number of interesting properties, but their discussion is beyond the scope of this paper.
Conclusions
The physical scenario of variable Φ cannot be ruled out a priori. We have seen that matter fields in the brane can generate spatial gradients and first time derivatives of Φ. The opposite is also true, the evolution and inhomogeneities of Φ affect the matter in the brane.
The induced spacetime metric is insensitive to the specific choice of Φ. However, this choice does affect the dynamics of the brane. A variable Φ modifies the usual brane-world picture in three ways.
Firstly, at least two of the quantities (λ, G, Λ (4) ) in the theory have to be variable now. This is different from what it is predicted in other theoretical models. Indeed, in Jordan-Brans-Dicke type theories G does depend on the scalar field, and in multidimensional theories G ∼ Φ −N , where N is the number of extra dimensions [24] - [27] . However, these predictions make no reference to the cosmological term Λ (4) and/or λ; the variation of G does not seem to affect them. This is notoriously different in the context of brane-world models where these variations are related, viz.,
Secondly, inhomogeneous interior stellar solutions and inhomogeneous cosmologies do not necessarily require E µν = 0. This result is essentially different from the one in brane theory with constant Φ, where the deviation of the bulk spacetime from the exact anti-de Sitter spacetime is inevitable to describe our real world with non-homogeneous matter fields.
Thirdly, an observer in the brane, who is not aware of the existence of extra dimensions, will find that ρ and p, the measured energy density and pressure, do not satisfy the "appropriate" (GR) conservation equations, i.e., T µ ν;µ = 0. This is a consequence of the interaction between the brane and the bulk through the Φ-field. The conserved energy-momentum tensor represents a mixture of two fluids, a perfect fluid, with effective energy density Φρ and effective pressure Φp, and a vacuum fluid ρ v = −p v = −Φλ. This interpretation is independent of any particular assumption regarding the variation of λ, G and/or λ (4) .
Finally, the role of the quadratic corrections described by Π µν is augmented by a factor of Φ 2 . The model discussed in Sec. 4 is very simple, but it clearly illustrates our main point here. Namely, that the introduction of a varying Φ in brane models does induce the variation of fundamental physical "constants". The study of other models of this kind is important. This would give us the opportunity to test different models for compatibility with observational data. We leave such a discussion to another paper.
